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Abstract
We construct canonical transformations to obtain a complete and most economical realization of the physical Hilbert
space Hp of pure SU(2)2+1 lattice gauge theory in terms of Wigner coupled Hilbert spaces of hydrogen atoms. One
hydrogen atom is assigned to every plaquette of the lattice. A complete orthonormal description of the Wilson loop
basis in Hp is obtained by all possible angular momentum Wigner couplings of hydrogen atom energy eigenstates |n l m〉
describing electric fluxes on the loops. The SU(2) gauge invariance implies that the total angular momenta of all
hydrogen atoms vanish. The canonical transformations also enable us to rewrite the Kogut-Susskind Hamiltonian in
terms of fundamental Wilson loop operators and their conjugate electric fields. The resulting loop Hamiltonian has a
global SU(2) invariance and a simple weak coupling (g2 → 0) continuum limit. The canonical transformations leading
to the loop Hamiltonian are valid for any SU(N). The ideas and techniques can also be extended to higher dimension.
1. Introduction
The idea that gauge theories should be reformulated as
theory of loops and strings without any color degrees of
freedom is old [1] and refuses to die. One hopes that even-
tually some appropriate loop description of gauge theories
will provide a natural and elegant framework to compute
low energy QCD effects leading to a better understanding
of non-perturbative issues like color confinement. Since
the work of Ashtekar, loops carrying SU(2) fluxes have
also found their relevance in quantum gravity where they
describe quantum excitations of geometry [4]. In con-
densed matter physics [5], many effective models are in
terms of non-abelian gauge theories. In view of above,
the importance of developing new ideas and techniques
to understand gauge theories better requires no empha-
sis. In recent past, quest to realize simplest non-abelian
SU(2) lattice gauge theory Hamiltonian dynamics using
cold atomic gases in optical lattices [6] as well as SU(2)
tensor network ideas [7] to explore the interesting part of
the physical Hilbert space Hp are important and exciting
new developments in this direction.
In this letter, we show that the gauge invariant physical
or loop Hilbert spaceHp of pure SU(2) lattice gauge theory
can be completely and most economically realized in terms
of the Wigner coupled bound energy eigenstates |n l m〉 of
hydrogen atoms associated with the plaquettes of the lat-
tice as shown in figure (1). This Wigner coupled hydrogen
atom basis describes quantized SU(2) loop electric fluxes
in terms of (n, l,m) and is orthonormal as well as complete
in Hp. Therefore, our description of loop dynamics is com-
Email addresses: manu@bose.res.in (Manu Mathur),
sreerajtp@bose.res.in (T. P. Sreeraj)
pletely free of the notorious Mandelstam constraints1. We
rewrite the Kogut-Susskind Hamiltonian in terms of the
fundamental plaquette loop operators and conjugate loop
electric fields. We show that this loop Hamiltonian has
a global SU(2) symmetry and there are no gauge fields.
Further, the loop Hamiltonian has a simple weak coupling
(g2 → 0) limit. We work in two space dimension on a finite
lattice with N (= (N + 1)× (N + 1)) sites, L links and P
plaquettes satisfying: L = P + (N − 1). We choose open
boundary conditions. A lattice site is denoted by (x, y)
with x, y = 0, 1, · · · , N . There are no static or dynamical
charges. All “hydrogen atom solutions” of the local Gauss
law constraints are obtained in the charge zero sector.
Following Fock [2], we describe P hydrogen atoms in
figure (1) on their momentum hypersphere S3 so that
their hidden SU(2)× SU(2) symmetries become manifest
(see section (2), equation (4)). On the other hand, we
construct SU(2) (SU(N)) canonical transformations which
fuse L Kogut-Susskind link operators into P fundamen-
tal plaquette loop operators, each enclosing one of the P
plaquettes as shown in figure (5-a). The equivalence of
the gauge theory and hydrogen atom Hilbert spaces has
its origin in the identification of SU(2) group manifold S3
associated with each plaquette loop holonomy with the S3
of the corresponding hydrogen atom.
The plan of the paper is as follows. In section (2) we
briefly review hydrogen atom Hilbert space in a language
[3] which helps us later in establishing its connection with
1In fact, these constraints have been major obstacles in the loop
formulation because of their non-local nature [8, 10]. They have been
extensively discussed in the past [10] in the context of SU(2) gauge
theory leading to spin networks as their solutions [8, 9, 10]. However,
loop dynamics is extremely complicated in the spin network basis
[8, 9].
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|n1, l1,m1〉 |n2, l2,m2〉
|n3, l3,m3〉|n4, l4,m4〉
Figure 1: One Hydrogen atom, denoted by •, is assigned to each pla-
quette. The energy eigenstates |np lp mp〉 Wigner couple together
(19) with vanishing total angular momenta to form a basis in the
physical Hilbert space Hp of pure SU(2) lattice gauge theory.
lattice gauge theory. The section (3) discusses the canoni-
cal transformations which fuse all Kogut-Susskind SU(N)
link operators into mutually independent and fundamental
Wilson loop operators. Having discussed hydrogen atoms
and loop formulation separately, in section (4) we estab-
lish the exact equivalence of the Hilbert spaces of hydrogen
atoms and SU(2) lattice gauge theory. In section (5) we
construct loop Hamiltonian and briefly discuss loop dy-
namics. We end the paper with a short discussion on our
results and some of the possible future directions.
2. Hydrogen Atom
As shown by Pauli [2] in 1926, the hydrogen atom can be
elegantly solved using group theory which exploits mani-
fest rotational and hidden Runge Lenz symmetries gener-
ated by angular momentum (~L) and Laplace Runge Lenz
( ~A) operators2 respectively. These generators commute
with the hydrogen atom Hamiltonian and satisfy ~L· ~A = 0.
This leads to SU(2)⊗SU(2) symmetry algebra generated
by ~J± ≡ 1/2(~L± ~A) on the bound states of hydrogen atom
(E < 0) [3]. Further, as
[
Ja+, J
b
−
]
= 0 and ~J 2+ =
~J 2− ≡ ~J 2,
the two equivalent complete set of commuting operators
(CSCO) are [ ~J 2, Jz+, J
z
−] (CSCO-I) in the decoupled basis
and [ ~J 2, ~L2, ~Lz] (CSCO-II) in the coupled basis. Follow-
ing Wybourne [3], we define3:
Ja− ≡ a†
(
σa
2
)
a; Ja+ ≡ b†
(
σa
2
)
b. (1)
2We follow Wybourne [3] for hydrogen atom discussions. The
Runge Lenz vector has been scaled by by 1√−2H .
3Ja∓ should not be confused with the raising and lowering angular
momentum operators.
In (1) (a†1, a
†
2) and (b
†
1, b
†
2) represent SU(2) doublets of
Schwinger boson creation operators, σa (a=1,2,3) are the
Pauli matrices. The condition ~J 2− = ~J
2
+ implies Na = Nb
where Na = a
† ·a and Nb = b† ·b are the total number oper-
ators. The orthonormal and complete basis diagonalizing
CSCO-I is given by [3]:
|j = j− = j+,m−,m+〉 = |j,m−〉 ⊗ |j,m+〉 (2)
|j− = j,m−〉 ≡ (a
†
1)
(j+m−)(a†2)
(j−m−)
(j +m−)!(j −m−)! |0〉
|j+ = j,m+〉 ≡ (b
†
1)
(j+m+)(b†2)
(j−m+)
(j +m+)!(j −m+)! |0〉.
The other equivalent coupled hydrogen atom basis diago-
nalizing the CSCO-II is given by:
|n l m〉 ≡
∑
m−,m+
C l,mjm−,jm+ |j,m−,m+〉 (3)
In (3), n ≡ (2j + 1) = 1, 2 · · · ; l = 0, 1, 2, · · · , (n− 1);m =
−l, · · · ,+l; C l,mjm′,jm¯ are the Clebsch-Gordan coefficients.
The hydrogen atom states |n l m〉 are eigenstates of
J2, L2, Lz and also of the Hamiltonian with energy [3]
E ∼ −1/n2. For later purpose, it is convenient to graphi-
cally represent the hydrogen atom states |n l m〉 in (3) by
a tadpole in figure (4).
As shown by Fock, the above SU(2)⊗SU(2) symmetry
for bound states (p20 ≡ −2E > 0) becomes manifest if we
transcribe the hydrogen atom dynamics on a hypersphere
S3 : (q0, ~q; q
2
0 + ~q
2 = 1) embedded in R4 : (p0, p1, p2, p3)
through a stereographic projection:
q0 ≡ (p
2
0 − ~p 2)
(p20 + ~p
2)
, ~q ≡ 2p0~p
(p20 + ~p
2)
, (4)
ΩH(q0, ~q) ≡ q0σ0 + i~q · ~σ, q20 + ~q 2 = 1.
Above σ0, ~σ are the identity, Pauli matrices respec-
tively. The mapping (4) enables us to transform [2]
momentum space hydrogen atom Schrodinger equation
into the integral equation of the 4-dimensional spher-
ical harmonics Yn,l,m(ΩH) representing a free particle
on S3. It was later shown by Bargmann [2] that
(L1, L2, L3) and (A1, A2, A3) correspond to rotations in
(q2q3), (q1q3), (q1q2) and (q0q1), (q0q2), (q0q3) planes re-
spectively making SU(2) ⊗ SU(2) symmetry of hydrogen
atom manifest.
We now construct iterative canonical transformations
which make all gauge degrees of freedom decouple fromHp
by systematically fusing the Kogut-Susskind [11] link flux
operators into a complete and mutually independent set of
plaquette loop operators. These loop operators (11),(14)
in turn are then associated with hydrogen atoms. To keep
the presentation simple and short, we always illustrate the
ideas and techniques on a single plaquette and then gen-
eralize the results to the entire lattice. We have chosen
space dimension d = 2 for the same reasons.
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Figure 2: Three canonical transformations on the four link flux op-
erators of a plaquette leading to a single plaquette loop flux operator
Wαβ . The electric fields involved in the canonical transformations
are represented by • .Two • at the end of flux operators U(1),U(2)
and U(3) represent their electric fields which are also the Gauss law
operators Ga at A, B and C respectively. Only the loop operator(Wαβ , E∓) are relevant, the remaining are unphysical and to be
ignored.
3. Canonical Transformations: From Links to
Loops
3.1. Single Plaquette Case
We start with a plaquette OABC with 4 Kogut-Susskind
SU(2) flux operators [11] UI , I = 1, 2, 3, 4 attached to 4
sides. The left, right rotations on Ul are generated by the
left, right electric fields Ea−(l), E
a
+(l) (a =1,2,3) respec-
tively as shown in figure (2-a). The basic quantization
rules are:[
Ea+, Uαβ
]
=
(
U
σa
2
)
αβ
=>
[
Ea+, E
b
+
]
= iabcEc+
[
Ea−, Uαβ
]
= −
(
σa
2
U
)
αβ
=>
[
Ea−, E
b
−
]
= iabcEc− (5)
As operators on different links commute, we have sup-
pressed the link index l in (5). One can check that Ea+ =
−Rab(U†)Eb− where Rab(U) = 12Tr
(
σaUσbU†
)
is SO(3)
rotation matrix implying: ( ~E−)2 = ( ~E+)2,
[
Ea−, E
b
+
]
=
0, on every links.
We now make canonical transformations to fuse
{U1, U2, U3, U4} into 3 unphysical string flux operators
{U1,U2,U3} and a physical Wilson plaquette loop oper-
ator4 W around OABC as shown in figure 2. The corre-
4Note that the shapes of loops and strings will depend on the
canonical transformations.
sponding left, right string and loop electric fields are de-
noted by Ea∓(I) (I = 1, 2, 3) and Ea∓ respectively as shown
in figure (2-a,b,c,d). The first canonical transformation
fusing U1 and U2, is:
U1 → U1 ≡ U1, U2 → U12 ≡ U1U2, (6)
=> Ea+(1) = Ea+(1) + Ea−(2), Ea+(12) = Ea+(2).
Note that the new pairs {U(1), E+(1)} and {U12, E+(12)}
are canonical satisfying (5) and also mutually independent.
The SU(2) Gauss law at the corner A in figure (2) states5,
Ga(A) = Ea+(1) = Ea+(1) + Ea−(2) u 0 in Hp. Hence, U1
completely decouples from Hp. We now iterate the canon-
ical transformation (6) with U1, U2 replaced by U12, U3:
U(2) ≡ U12, U123 ≡ U12U3, (7)
=> Ea+(2) = Ea+(12) + Ea−(3), Ea+(123) = Ea+(3).
We get Ga(B) = Ea+(2) = Ea+(12) + Ea−(3) = Ea+(2) +
Ea−(3) u 0 (Gauss law at B) and U2 decouples. The last
canonical transformation on the plaquette OABC is:
U(3) ≡ U123, W ≡ U123U(4), (8)
Ea+(3) = Ea+(123) + Ea−(4) u 0, Ea+ = Ea+(4).
Now U3 decouples as Ga(C) = Ea+(3). Therefore, we need
to focus only on the plaquette loop operators
{W, Ea±}.
They are covariant under gauge transformation (15) at O.
The SU(2) Gauss laws at A, B, C remove the strings U1,U2
and U3 respectively. The Gauss law at the origin, corre-
sponding to the covariant transformations of the physical
loop operators:
E∓ → Λ0 E∓ Λ†0, W → Λ0 W Λ†0, (9)
reduces to global constraints:
Ga = La ≡ Ea− + Ea+ = 0. (10)
It is convenient to describe SU(2) loop electric field and
flux operators in terms of the prepotential doublets [8]:
Ea− = (1/2) a† σa a Ea+ = (1/2) b† σa b
Wαβ = 1√
(N + 1)
(
a˜†α b
†
β − aα b˜β
) 1√
(N + 1)
. (11)
Above a˜α ≡ αγaγ . Like link electric fields [11], loop elec-
tric fields satisfy (~E−)2 = (~E+)2 implying Na = Nb ≡ N .
The transformations (6), (7) and (8) define the new
strings, loop operators in terms of the old Kogut-Susskind
link operators. These relations, being canonical, can also
be inverted. They will enable us to rewrite Kogut-Susskind
Hamiltonian in terms of loop operators in section 5. The
loop flux operators are trivial to invert and we get:
U(1) = U1, U(2) = U†1U2,
U(3) = U†2U3, U(4) = U†3W. (12)
5 A u 0 implies that the operator A annihilates all physical states
in Hp.
3
The electric field relations are also easy to invert6:
Ea−(1) = Ea−(1) + Ea−(2) + Ea−(3) + Ea−,
Ea−(2) = Rab(U†1 )
[Eb−(2) + Eb−(3) + Eb−],
Ea−(3) = Rab(U†2 )
[Eb−(3) + Eb−],
Ea−(4) = Rab(U†3 ) Eb−. (13)
Note that (a) the relations (12), (13) are consistent with
the gauge transformation properties of the Kogut-Susskind
link operators and the newly defined loop operators, (b)
As expected, the inverse relations (13) transform the orig-
inal Gauss law in terms of link operators at the origin,
Ea−(1) + E
a
+(4) = 0, into the Gauss law in terms of the
loop operators7 in (10), Ea−+ Ea+ = 0, in Hp, (c) the gauge
invariant operators, e.g., the quadratic electric field terms
(see Kogut-Susskind Hamiltonian (26) in section 5), do not
contain unphysical string variables. Further, we note that:
• Every lattice site (x,y) away from the origin (the cor-
ners A, B, C in this simple case) is attached with a
string U(x, y) (U1,U2,U3 in our case). They all start
from the origin.
• The Gauss law operators at these sites are the right
electric fields of the strings. In the single plaquette
case:
Ga(1, 0) = Ea+(1),Ga(1, 1) = Ea+(2),Ga(0, 1) = Ea+(3),
making these strings devoid of any physical conse-
quences.
The above features of the canonical transformations, con-
verting links into physical loops and unphysical strings, are
general and valid for any SU(N) in any space dimension.
3.2. P Plaquettes case
On a d = 2 lattice with open boundary conditions, the
canonical transformations transform L Kogut-Susskind
link operators intoN−1 unphysical strings operator and P
physical loop operators. The degrees of freedom match as:
L = P + (N − 1). The (N − 1) strings U(x, y), attached
to the lattice site (x, y) away from the origin, are along
the oriented paths: (0, 0) → (x, 0) → (x, y). They are
unphysical and decouple as a consequence of Gauss laws.
6 We have used canonical electric field relations (6), (7) and (8)
to derive (13). As an example:
Ea−(1) ≡ −Rab(U1)Eb+(1) = −Rab(U1)
[
Eb+(1)− Eb−(2)
]
= Ea−(1)
−Rab(U2)Eb+(2) = Ea−(1)−Rab(U2)
[
Eb+(2)− Eb−(3)
]
= Ea−(1) + Ea−(2)
−Rab(U3)Eb+(3) = Ea−(1) + Ea−(2)−Rab(U3)
[
Eb+(3)− Eb−(4)
]
= Ea−(1)
+Ea−(2) + Ea−(3)−Rab(W)Eb+(4) = Ea−(1) + Ea−(2) + Ea−(3) + Ea−.
Similarly the other three relations in (13) can be derived.
7We have used Ea−(1) u Ea as E(I) = 0, I = 1, 2, 3 in Hp and
Ea+(4) ≡ −Rab(U†(4))Ea−(4) = −Rab(W†)Eb− = E+.
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Figure 3: Formation of plaquette loops and the decoupling of strings.
The loop plaquette operator W(1, 0) is shown. The • represent the
electric fields of the links, strings and loops. In the last figure, the
right electric field of the string operator Uyxx(1, 1) is the Gauss law
at (1,1): Uayxx+(1, 1) = Ga(1, 1).
As an example, we show in figure (3) how the final string
attached to the lattice site (1, 1) decouples. In figure (3-a),
we attach the Kogut-Susskind link operator U(1, 1; 2ˆ) to
the string U(1, 1) to obtain the new strings Uy(1, 1) and
U(1, 2). The subscript y of Uy(1, 1) shows that it has been
extended in the y direction and its right electric field at
(1, 1) is the sum of two Kogut-Susskind electric fields in
y directions. These two Kogut-Susskind electric fields are
shown by the two blue dots at (1, 1) in the right hand side
of figure (3-a). We now extend the string Uy(1, 1) in the
-ve x direction by attaching it with the Kogut-Susskind
link operator U†(0, 1, 1ˆ) as shown in figure (3-b). This
results in new strings Uyx(1, 1) and U ′(0, 1) as shown in the
right hand side of figure (3-b). Now the right electric field
of Uyx(1, 1) at (1, 1) is the sum of three Kogut-Susskind
electric fields at this point as shown by the three blue
dots in the right hand side of figure (3-b). We finally
extend Uyx(1, 1) in the +ve x direction by attaching it
with U ′(1, 1) as shown in the left hand side of figure (3-
c). The result is Uyxx(1, 1) and the plaquette loop operator
W(1, 0). The right electric field of Uyxx(1, 1) is now sum of
all four Kogut-Susskind electric fields at (1, 1) as shown by
the four blue dots in the right hand side of figure (3-c). The
Gauss law implies that the string Uyxx(1, 1) excitations are
outside Hp. Therefore it can be ignored.
From now onwards, we focus on the remaining physical
P loop operators denoted by W(x, y). They are along the
paths: (0, 0) → (x, 0) → (x, y) → (x + 1, y) → (x + 1, y +
4
1) → (x, y + 1) → (x, 0) → (0, 0). These paths are shown
in figure (5) for a small lattice with N = 2. It is convenient
to collectively denote them byW(p), p = 1, 2, · · · ,P. The
physical SU(2) prepotentials are defined as:
Ea−(p) =
1
2
a†(p) σa a(p), Ea+(p) =
1
2
b†(p) σa b(p)
(14)
Wαβ(p) = 1√
(N(p) + 1)
(
W+αβ(p)−W−αβ(p)
) 1√
(N(p) + 1)
.
In (14), W+αβ(p) ≡ a˜†α(p) b†β(p) andW−αβ(p) ≡ aα(p) b˜β(p).
All loop operators in (14) are invariant under gauge trans-
formations anywhere on the lattice except origin. Under
gauge transformations at the origin, they all transform to-
gether like adjoint matter fields:
E∓(p)→ Λ0 E∓(p) Λ†0, p = 1, 2, · · · P,
W(p)→ Λ0 W(p) Λ†0; p = 1, 2, · · · P. (15)
All 2P prepotential creation operators transform as matter
doublets:
aα(p)→ (Λ0)αβ aβ(p), bα(p)→ (Λ0)αβ bβ(p). (16)
The Gauss law at the origin reduces to simple constraints:
Ga =
P∑
p=1
La(p) =
P∑
p=1
(
Ea−(p) + Ea+(p)
)
≡ Latotal u 0.
(17)
This is a straightforward generalization of the single pla-
quette result (9). Thus after these canonical transforma-
tions, the nontrivial issue of non-abelian gauge invariance
reduces to a much simpler issue of global invariance. We
solve these constraints in the next section to construct a
basis in Hp.
4. Loop States & Hydrogen Atoms
We first start with the simple single plaquette case. We
identify the hydrogen atom angular momentum, Lenz vec-
tor operators with the SU(2) loop electric field operators
of the gauge theory:
Ja∓ ↔ Ea∓.
This identification further implies: La ↔ La where La are
the angular momentum operators of a hydrogen atom and
La are the generators of Gauss law (10) in a single pla-
quette case. This immediately implies that CSCO-I and
CSCO-II of hydrogen atom also characterize lattice gauge
theory Hilbert space. The CSCO-II is even more natural
for gauge theory as the remaining three SU(2) Gauss law
constraints at the origin (10) are trivially removed in this
coupled basis. In the single plaquette case, the non-abelian
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Figure 4: A graphical tadpole representation of hydrogen atom states
|n l m〉 or equivalently a SU(2) loop state over a plaquette. The
dotted arch represents j+ = j− = j in the j-j coupling (3) denoted
by •. The tadpole loop represents the SU(2) flux circulating within
a plaquette. The vertical leg of tadpole represents leakage of angular
momentum flux (l,m) through the plaquette.
Gauss laws (10) state that the spherically symmetric hy-
drogen atom states |n l = 0 m = 0〉 form an orthonormal
loop basis in HP :
|n〉 ≡ |n, l = 0,m = 0〉 = (k+)
n√
n!(n+ 1)!
|0〉.
∞∑
n=1
|n〉〈n| = I, 〈m|n〉 = δnm. (18)
In (18) I is the identity operator inHp. The loop creation-
annihilation and number operators are defined as: k+ ≡
a† · b˜†, k− ≡ a · b˜ and k0 ≡ 1/2(Na+Nb+2). They satisfy
SU(1,1) algebra: [k−, k+] = 2k0, [k0, k±] = ±k±.
At this stage, before going to P plaquette case, it is con-
venient to graphically represent the coupled state |n l m〉
in (3) on a plaquette by a tadpole diagram as shown in
figure (4-a,b). The loop at the top of the tadpole in a pla-
quette represents the non-abelian flux circulating in a loop
within the plaquette. The vertical leg of the tadpole, on
the other hand, represents the leakage of non-abelian flux
through the plaquette. More precisely, the anti-symmetric
part of the coupling between a† and b† (Young tableau
boxes arranged vertically in pairs) present in |j,m−〉 and
|j,m+〉 states is shown by the circle. The leg represents
the symmetric part of this coupling (Young tableau boxes
arranged along a row). We now draw tadpoles over each
of the P plaquettes and then couple their emerging an-
gular momentum fluxes (lp,mp) with p = 1, · · · ,P in
a sequential manner as in figure (5-b). It corresponds
to going from decoupled tadpole basis diagonalizing 3P
CSCO-II operators
{
J2p , L
2
p, L
a=3
p
}
, with eigenvalues
(jp(jp+ 1), lp(lp+ 1), mp), to a coupled basis which diag-
onalizes the following coupled angular momentum opera-
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drogen atom/tadpole basis with hydrogen atom states |n l m〉. The •
and • in [b] represent jj and ll couplings in (3) and (20) respectively.
tors: 
~J 21
~J 22 · · · ~J 2P−1 ~J 2P
~L21
~L22 · · · ~L2P−1 ~L2P
(~L12)
2 (~L123)
3 · · · ( ~Ltotal︸ ︷︷ ︸
=0
)2 ~La=3total︸ ︷︷ ︸
=0
 .
Above (~L1,2,·q)2 ≡ (~L1 + ~L2 + · · · ~Lq)2 with eigenvalue
l1,2···q(l1,2···q + 1) and q = 2, 3, · · · ,P. We have put
~Ltotal = 0 because of the Gauss law (17). This further im-
plies that l1,2,···P−1 = lP as ~Ltotal ≡
(
~L1,2,···P−1 + ~LP
)
=
0. The resulting orthonormal and complete loop basis is:∣∣∣∣∣∣
n1 n2 · · · nP
l1 l2 · · · lP
l12 l123 · · · l12···P−2
〉
≡
{
|n1 l1 m1〉 ⊗ |n2 l2 m2〉 · · · ⊗ |nP lP mP 〉︸ ︷︷ ︸
Wigner coupled states of hydrogen atoms
}ltotal=0
mtotal=0
(19)
The above loop basis (shown in figure (5-b) for 4 pla-
quette case) will be briefly denoted8 by |[n] [l] [ll]〉. The
symbols [n]; [l] and [ll] stand for the sets (n1 · · ·nP): P
principle quantum numbers; [l1 · · · lP ]: P angular mo-
mentum quantum numbers and (l12, l123, · · · , l123···(P−2)):
8 As an example the loop states over 4 plaquettes in figure (5-b)
are constructed as;
|[n] [l] [ll]〉 =
∑
m1m2m3m4m12
C l12m12l1m1,l2m2
C l123m123l12m12,l3m3
C 0 0l123m123,l4m4
|n1 l1 m1〉 |n2 l2 m2〉 |n3 l3 m3〉 |n4 l4 m4〉. (20)
The states |n l m〉 are constructed in (2), (3) and figure (4). They
are orthonormal as well as complete:
〈 [n¯] [l¯] [l¯l] | [n] [l] [ll] 〉 = δ[n¯],[n] δ[l¯],[l] δ[l¯l],[ll] (21)∑
[n]
∑
[l]
∑
[ll]
| [n] [l] [ll] 〉 〈 [n] [l] [ll] | = I. (22)
The operator I denotes the identity operator in Hp.
(P −3) coupled angular momentum quantum numbers re-
spectively. Thus the hydrogen atom loop basis (19) in Hp
is labelled by N = 3(P−1) gauge invariant quantum num-
bers. As expected, this is also the dimension of quotient
space N =
[
⊗linksSU(2)
⊗sitesSU(2)
]
in d = 2.
We now analyze this equivalence in the dual magnetic
description. We again start with single plaquette basis
|j m− m+〉 in (2) and make a duality transformation to
define states on SU(2) group manifold S3 as:
|ΩW 〉 =
∞∑
j=0
+j∑
m∓=−j
{j} D jm−m+(ΩW ) |j,m−,m+〉 (23)
In (23) {j} ≡ (2j + 1) 12 , D jm−m+(ΩW ) are the Wigner
matrices characterized by SU(2) group manifold S3:
ΩW (w0, ~w) ≡ w0 σ0 + i ~w · ~σ, w20 + ~w2 = 1 : S3.
The recursion relations of Wigner matrices show [12] that
the orthonormal and complete angular states (23) also di-
agonalize the plaquette loop operators Wαβ in (11):
Wαβ |ΩW 〉 =
(
ΩW (ω0, ~w)
)
αβ
|ΩW 〉. (24)
Under global SU(2) transformation (15):
|ΩW 〉 → |Λo ΩW Λ†o〉. (25)
The gauge generators L1, L2, L3 in (10) rotate
(w2w3), (w3w1), (w1w2) planes respectively leaving w0
(gauge) invariant. Defining “Lenz operators” in lattice
gauge theory as Aa ≡ Ea+ − Ea−, we see that (A1,A2,A3)
generate rotations in (w0w1), (w0w2), (w0w3) planes re-
spectively. Therefore, the actions of (La,Aa) on ΩW in
gauge theory is exactly same as the actions of (La, Aa) on
ΩH in hydrogen atom. Therefore, we further identify:
ΩH ∼ ΩW ≡ Ω.
5. SU(2) Loop Dynamics & Loop Operators
We now construct non-abelian loop dynamics directly in
terms of the loop operatorsWαβ(x, y) and their conjugate
loop electric fields Ea∓(x, y) constructed in section (3). We
start with the Kogut Susskind Hamiltonian [11]:
H = g2
∑
l
~E2l +
K
g2
∑
p
(
2− Tr Up
)
. (26)
In (26) K is a constant, l ≡ (x, y, iˆ) denotes a link in iˆ direc-
tion, p denotes a plaquette and Tr Up ≡ Tr
(
U1U2U
†
3U
†
4
)
is the magnetic field term on a plaquette p. In the sim-
ple single plaquette case, the Kogut-Susskind Hamiltonian
(26) in terms of the loop operators is:
H = 4g2E2 − K
g2
(
2− Tr W). (27)
6
In going from link description (26) to loop description(27)
we have used (8) and (13). The first term 4~E2(≡ 4~E2− =
4~E2+) describes the loop electric fields. The factor 4 is
because of the 4 links on the plaquette and the relations
(13) after putting the three string electric fields Ea∓(1) =
Ea∓(2) = Ea∓(3) u 0. The Hamiltonian (27) is invariant
under global SU(2) transformations (9).
Similarly, the Kogut Susskind Hamiltonian in the loop
space on a finite lattice is [12]:
H =
∑
(x,y)
{
g2 ~E2(x, y, 1ˆ) + g2 ~E2(x, y, 2ˆ)
+
K
g2
(
2− Tr W(x, y)
)}
. (28)
In (28), E2(x, y, iˆ) = E2−(x, y, iˆ) = E
2
+(x, y, iˆ) as
discussed in section 3 and we have used the prop-
erty of the canonical transformations: Tr Up(x, y) =
Tr
(U†(x, y)W(x, y)U(x, y)) = TrW(x, y), for converting
the magnetic field term. The Kogut-Susskind electric fields
above are given by [12]:
Ea−(x, y, 1ˆ) uRab(U(x, y))
[
Ea−(x, y) + Ea+(x, y − 1) + ∆aX
]
Ea−(x, y, 2ˆ) uRab(U(x, y))
[
Eb+(x, y)+
RW (x, y)bcEc−(x− 1, y) + ∆bY
]
(29)
In (29), Ea−(x, y, iˆ) is the electric field at (x, y) in the iˆ
direction and rotates the link operator U(x, y, iˆ) from the
left as in (5). ∆X ,∆Y and RW are defined as:
∆aX(x, y) ≡ δy,0
N∑
r=x+1
N∑
s=0
La(r, s), ∆aY (x, y)
≡
N∑
s=(y+1)
La(x, s), RW (x, y) ≡
y−1∏
q=0
R
(W(x− 1, q)) (30)
Note that the physical loop operators Ea∓(x, y), W(x, y)
are located at (x, y) as shown in figure (5-a). There are
no gauge fields. The relations (29) are generalizations of
the simple single plaquette results in (13). Like in single
plaquette case these relations are arrived at by systemati-
cally inverting the canonical transformations at each stage
through out the lattice [12]. Again, as expected, the un-
physical strings U(x, y) attached to sites (x,y) in (29) dis-
appear from the Hamiltonian (28) as RTR = 1.
The Hamiltonian (28) describes dynamics directly in
terms of the essential loop creation, annihilation opera-
tors and their conjugate electric fields. There is no local
gauge invariance and no gauge fields. The gauge trans-
formations at the origin manifest themselves in the global
SU(2) invariance (15) of the Hamiltonian (28).
We note that in going from links to loops ((26) to (28)),
all interactions have shifted from the (1/g2) magnetic field
term to (g2) electric field term. Therefore, as opposed to
strong coupling (g2 → ∞) expansion with simple g2E2
term in (26), the loop formulation (28) with the simple
1/g2 TrW term provides an alternative framework appro-
priate to develop gauge invariant weak coupling (g2 → 0)
expansion near the continuum limit9. In fact, the mag-
netic field term 1/g2 Tr W ∼ 1/g2 (k+ + k−) dominating
in this limit, has the simplest possible action on the hydro-
gen atom loop basis (19). Using (14) and (19), the matrix
elements are:
〈 [n¯] [l¯] [l¯l] | TrW(p) | [n] [l] [ll] 〉
= δ[l¯],[l] δ[l¯l],[ll]δ[n¯]′,[n]′
[
δn¯p,np+1 + δn¯p,np−1
]
. (31)
Above np = 2jp + 1 and n¯p ≡ 2j¯p + 1 and δ[n¯]′,[n]′ de-
notes the delta function over (P − 1) principal quantum
numbers over all plaquettes p′ 6= p. This should be com-
pared with the action of the standard magnetic field term
1/g2 Tr (U1U2U
†
3U
†
4 ) on the standard SU(2) spin network
basis describing orthonormal loop states [8]. This action is
extremely complicated and the matrix elements are given
by 18-j (30-j) Wigner coefficients in d = 2 (d = 3) dimen-
sion as compared to the simple δ function over a single
principal quantum number in (31).
All interactions in the Hamiltonian (28) in this
loop formulation are contained in (29). They de-
scribe nearest neighbour loop-loop interactions
through their electric fields along with non-local
terms ∆X(x, y), ∆Y (x, y), RW (x, y). However,
these non-local interactions can be ignored at tree
level near the continuum (g2 → 0) limit as in
this limit La(x, y) ≡ Ea+(x, y) + Ea−(x, y) → 0 and
Rab(W)(x, y) → δab. Thus we have a generalized “spin
model” with nearest neighbour interactions along with
spin creation (k+) and spin annihilation (k−) terms. The
analysis of this model through variational method and
coupled cluster expansion is under study and will be
reported elsewhere.
6. Summary & Discussion
In this work we have obtained a loop formulation of
pure SU(2) lattice gauge theory through a series of canon-
ical transformations. These canonical transformations,
constructed in section (3), are also valid for any SU(N)
group. They can also be extended to higher dimension.
As shown in this work the problem of over-completeness
of SU(N) loop states leading to SU(N) Mandelstam con-
straints amongst Wilson loops is bypassed in this ap-
proach. To the best of our knowledge the solutions of
SU(N) Mandelstam constraints for N ≥ 3 do not exist
9In strong coupling (g2 → ∞) expansion non-interacting terms
g2E2link are trivially diagonalized and 4 flux interaction terms
1/g2 Tr(U1U2U
†
3U
†
4 ) are treated in perturbation. However, one is
far away from continuum.
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[10]. The SU(N) canonical transformations discussed in
this work also provide a complete set of mutually indepen-
dent SU(N) Wilson loop operators.
In the case of SU(2), a gauge invariant state can be ex-
panded in the hydrogen atom basis. Therefore, any gauge
invariant operator acting on a physical state generates
transitions in the underlying basis states |n l m〉. Such
transitions are produced by the generators of the dynami-
cal symmetry group SO(4,2) of hydrogen atom. Therefore,
SU(2) loop Hamiltonian can also be described in terms of
SO(4,2) generators. These results will be reported later.
Having removed all redundant gauge and loop degrees
of freedom through canonical transformations, we should
further identify the relevant and interesting part of Hp for
low energy physics. This can be done using tensor net-
works or matrix product ideas [7] as the 3(P − 1) gauge
invariant quantum numbers can be thought of as gener-
alized spins over plaquettes of the lattice. In context of
cold atoms, imposing non-trivial and exotic non-abelian
Gauss law constraints experimentally at every lattice site
is a challenging task. Different ways of dealing with these
local constraints have been proposed in the past [14]. The
present formulation with hydrogen atoms naturally solve
these constraints and may be useful in the cold atom ex-
periments in the future. This absence of local Gauss laws
should also help us define entanglement entropy of two
complimentary regions in a gauge invariant state bypassing
obstacles [15] created by them at the boundary of the two
regions. The two regions can have mutually independent
hydrogen atom/tadpole basis which are joined together
across the boundary at the end.
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